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Motivated by the demand of efficient quantum devices to engineer the energy transport, we analyze
some inhomogeneous quantum spin systems, including the XXZ chains, with magnetization baths
at the ends. Aimed at finding general properties, we study the effects of suitable transformations
on the boundary-driven Lindblad master equation associated to the dynamics of the systems. For
asymmetric models with target polarization at the edges or twisted XY boundary gradients, we
show properties of the steady state which establish features of the energy current, irrespective of the
system size and of the regime of transport. We show the ubiquitous occurrence of energy rectification
and, more interestingly, of an unusual phenomenon: in the absence of external magnetic field, there
is an one-way street for the energy current, i.e., the direction of the energy current does not change
as we invert the magnetization baths at the boundaries. Given the extensiveness of the procedures,
which essentially involve properties of the Lindblad master equation, our results certainly follow for
other interactions and other boundary conditions. Moreover, our results indicate graded spin chains
as genuine quantum rectifiers.
PACS numbers: 05.70.Ln, 05.60.Gg, 75.10.Pq
The derivation of the laws of transport from the un-
derlying microscopic models is one of the purposes of
nonequilibrium statistical physics. Many works are de-
voted to this subject, and, nowadays, besides the study of
fundamental questions, such as the onset of Fourier’s law,
a bedrock of heat transport theory, we observe a consider-
able effort which aims at understanding the mechanisms
of manipulation and control of the heat or energy current
[1], including experimental works [3]. These studies are
mainly inspired by the amazing progress of modern elec-
tronics due to the invention of electrical diodes, transis-
tors and other nonlinear solid-state devices. The current
lacking of an efficient analog of diode, i.e., the lacking
of a device which clearly has a preferential direction for
the energy flow [2], prevents the advance of phononics,
the counterpart of electronics dedicated to the manipu-
lation of the energy current, and makes several authors
to devote their investigations to the mechanism of recti-
fication.
Given the present ambient of miniaturization, the pos-
sibility of quantum effects and the exiguity of quantum
results in this specific area, we propose to investigate the
mechanism of energy transport and rectification in gen-
uine quantum models. In the present work, we consider
the analysis of the energy (and spin) currents in some
open quantum spin chains, including versions of the XXZ
models. We emphasize that the detailed investigation of
these systems, such as the XXZ chain, the archetypal
model of open quantum system, besides being profitable
for the understanding of quantum effects on the mecha-
nism of the energy current, it also involves issues which
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interest to many areas, such as optics and cold-atoms,
condensed matter, quantum information, etc. [4].
We analyze some one-dimensional spin models driven
out equilibrium by magnetization reservoirs coupled to
the boundary spins, i.e., by the presence of pumping ap-
plied at the edges. More precisely, we analyze some spin
models with dynamics given by boundary-driven Lind-
blad equations. We remark that such a choice of reser-
voirs does not precisely describe a quantum system pas-
sively coupled to heat baths [5] (problem to be treated in
future works). But it is worth stressing that these specific
quantum spin chains, e.g., the XXZ versions with magne-
tization pumping, are also of great theoretical interest [6].
Moreover, these models can also be experimentally real-
ized due to the advance of nanotechnology, which allows
us to manipulate different materials, even those with few
elements, and to engineer different quantum reservoirs
and specific designs for the coupling between systems and
reservoirs [21].
Inspired, in some way, by the work of Popkov and Livi
[8], our strategy is the following: instead of performing
extensive and intricate computations to determine the
steady density matrix, we simply study the action on the
Lindblad master equation (LME) of some properly cho-
sen operators, related to the inversion of the baths, i.e.,
to the permutation between the bath linked to the first
site and the bath linked to the last site. And so, we
determine the effects of such transformations on the sta-
tionary density matrix, as well as on the energy and spin
currents. As outcome, we reveal properties, independent
of the system size and regime of transport, which lead
to the occurrence of energy rectification and, more inter-
estingly, to a particular phenomenon: in the absence of
magnetic field, for the inhomogeneous, asymmetric (e.g.,
graded) XXZ model with target polarization at the edges
2or twisted XY boundary gradients, and certainly other
boundary conditions and different interactions, there is
an one-way street for the energy current. Namely, the di-
rection of the energy current is determined by the asym-
metry in the chain, not by the magnetization baths. In
other words, not only the magnitude, but also the direc-
tion of the energy flow does not change as we invert the
magnetization baths at the boundaries.
We must stress that the existence of asymmetry in the
structure of a given model is absolutely not a guarantee
for the existence of energy rectification. The ingredients
for asymmetry in the energy flow, i.e., for the occurrence
of rectification and related effects, are not trivial. In
order to make transparent that it is indeed an intricate
problem, before describing our investigations on the spin
chains, we briefly revisit the classical chain of oscillators,
in which this problem of rectification has been already
investigated in details.
Since the pioneering works of Debye and Peierls, the
prototype model for heat conduction in insulating solids
is given by chains of anharmonic oscillators. Conse-
quently, such systems have been recurrently and exhaus-
tively studied [9], in particular, in reference to the energy
rectification [10]. For transparency, we will succinctly an-
alyze the phenomenon in a minimal chain of 3 sites. We
repeat that a more detailed study in larger systems is
already known [11].
As well known, Fourier’s law holds in many systems:
here, let us focus on chains of oscillators with nearest
neighbor harmonic interparticle interactions and anhar-
monic onsite potentials [11]. In such cases, we usually
have a thermal conductivity depending on the local tem-
perature and other parameters. To investigate rectifica-
tion in this chain of oscillators, we start from the ex-
pression for local Fourier’s law derived for such systems
in previous works. For inhomogeneous chains [11], the
Fourier’s law in any part of the chain, i.e., the heat flow
from site j to j + 1, Fj,j+1, is given by
Fj,j+1 = −κj,j+1(∇T )j =
−1
cjTαj + cj+1T
α
j+1
(Tj+1 − Tj) ,
(1)
where Tj is the local temperature, α ≥ 0, and cj depends
on local parameters (particle mass, etc.). In a graded
system, we have cj−1 > cj > cj+1 or cj−1 < cj < cj+1.
Hence, for a chain of 3 sites,
F1,2 = −κ1,2(T2 − T1) ,F2,3 = −κ2,3(T3 − T2) .
In the steady state, where F = F1,2 = F2,3, we have
F =
−1
c1Tα1 + c2T
α
2
(T2 − T1) =
−1
c2Tα2 + c3T
α
3
(T3 − T2).
And summing up the 2 parts of the equation above, we
get
F =
−1
c1Tα1 + 2c2T
α
2 + c3T
α
3
(T3 − T1) .
To determine the heat flow, we recall that the tem-
peratures T1 and T3 at the edges are given a priori, and
so, T2 is computed by using the equations above. The
computation becomes very simple if we still assume a
very small gradient of temperature in the chain, namely,
T1 = T + a1ε and T3 = T + a3ε (again, given T , a1, a3
and ε, which is small). Hence, considering the result only
up to O(ε), algebraic manipulations give us
a2 =
1
2c2 + c1 + c3
[c1a3 + c2(a1 + a3) + c3a1] .
And so, the temperature T2 and the heat flow F are
determined. Note that we may write
F = −κ(T3 − T1) ⇒ κ = 1/ (c1T
α
1 + 2c2T
α
2 + c3T
α
3 ) .
Carrying out the computation for the inverted system,
i.e., for the chain in which a′1 = a3 and a
′
3 = a1, we
obtain a′2, which will be given by the expression for a2
above but with the replacement a1 ↔ a3,
a′2 =
1
2c2 + c1 + c3
[c1a1 + c2(a1 + a3) + c3a3] .
Moreover, we obtain the inverted flow F ′ = −κ′(T1−T3),
where κ′ is such that
1
κ
−
1
κ′
= αεTα−1(c1−c3)(a1−a3)
[
c1 + c3
2c2 + c1 + c3
]
. (2)
Despite the simplicity of this minimal model, impor-
tant information can be extracted from the equations
above. For inhomogeneous (graded) chains and generic
temperatures at the edges, an interesting feature is that
the temperature profile T ′, for the system with inverted
baths (T ′1 = T3 and T
′
3 = T1), is different from that ob-
tained by inverting the original temperature profile T .
That is, if we simply invert the original profile, we get
a′1 = a3, a
′
3 = a1 and a
′
2 = a2, which is not the profile
for the inverted chain. And it follows even for the spe-
cific case of α = 0, that describes a system in which the
thermal conductivity does not depend on temperature.
By the other side, rectification holds only if α 6= 0, see
Eq.(2).
In other words, if we invert an asymmetric chain of os-
cillators between two baths, even if we observe a different
temperature profile, i.e., a final profile which is not the
inversion of the original one, the occurrence of rectifica-
tion is not mandatory. In short, asymmetry in a chain is
not a synonym of rectification, i.e., it is not a synonym
of asymmetry in the energy current [12, 13].
A further comment is relevant. It is rigorously proved
[14] that rectification is absent in any asymmetric version
of the harmonic chain of oscillators with self-consistent
inner stochastic baths - these inner baths mimic the an-
harmonic potentials absent in the initial Hamiltonian.
Such a model obeys the Fourier’s law as described above,
with α = 0. In short, the previous derived result is not
due to the size of the chain, nor due to the approximation
in the temperature gradient.
3Now, we introduce the spin systems.
We consider here the one-dimensional quantum spin
model, with Hamiltonian (for ~ = 1)
H =
N−1∑
i=1
{
αi,i+1σ
x
i σ
x
i+1 + α
′
i,i+1σ
y
i σ
y
i+1 +∆i,i+1σ
z
i σ
z
i+1
}
+
N∑
i=1
Biσ
z
i , (3)
where σβi (β = x, y, z) are the Pauli matrices and Bi is
the external magnetic field acting on site (particle) i. In
fact, we can consider several other H: the main restric-
tion is the invariance of H under the transformations to
be presented. Anyway, for simplicity, we will restrict
the analysis to the simple case of the XXZ version with
αi,i+1 = α
′
i,i+1 = α.
The time evolution of the system density matrix ρ is
given by a Lindblad quantum master equation [15]
dρ
dt
= i[ρ,H] + L(ρ) . (4)
The dissipator L(ρ) describes the coupling with the
baths, and it is given by
L(ρ) = LL(ρ) + LR(ρ) ,
LL,R(ρ) =
∑
s=±
LsρL
†
s −
1
2
{
L†sLs, ρ
}
. (5)
For LL, in the case of a XXZ chain with target σ
z
polarization at the edges, we have
L± =
√
γ
2
(1± fL)σ
±
1 , (6)
and similarly for LR, but with σ
±
N and fR replacing σ
±
1
and fL. In the previous expressions, {·, ·} denotes the an-
ticommutator; σ±j are the spin creation and annihilation
operators σ±j = (σ
x
j ± iσ
y
j )/2 ; γ is the coupling strength
to the spin baths; fL and fR give the driving strength,
and are related to the polarization of extra spin at the
boundaries: fL = 〈σ
z
0〉 and fR = 〈σ
z
N+1〉.
The expressions for spin and energy currents follow
from the LME and continuity equations, see e.g. Ref.[16]
for detailed derivations. At site j, inside the chain, for
the magnetization current 〈Jj〉 and energy current 〈Fj〉,
we have
〈Jj〉 = 2α〈σ
x
j σ
y
j+1 − σ
y
j σ
x
j+1〉 ,
〈Fj〉 = 〈F
XXZ
j 〉+ 〈F
B
j 〉 ,
〈FXXZj 〉 = 2α〈α
(
σyj−1σ
z
j σ
x
j+1 − σ
x
j−1σ
z
j σ
y
j+1
)
+∆j−1,j
(
σzj−1σ
x
j σ
y
j+1 − σ
z
j−1σ
y
j σ
x
j+1
)
+∆j,j+1
(
σxj−1σ
y
j σ
z
j+1 − σ
y
j−1σ
x
j σ
z
j+1
)
〉 ,
〈FBj 〉 =
1
2
Bj〈Jj−1 + Jj〉 . (7)
To carry out the study, we take f = fL = −fR. And
so, within such a choice, the inversion of the baths at the
edges (fL ↔ fR) is given by the change in the sign of f .
Analyzing the dissipator L(ρ), we note that it does not
modifies if we change the sign of f and, at the same time,
make the replacements σ+1 ↔ σ
−
1 and σ
+
N ↔ σ
−
N .
Hence, in the case of absence of the external magnetic
field, B ≡ 0, we investigate the effects of the following
transformation [the idea is to find a suitable transfor-
mation, related to the inversion, i.e., permutation of the
baths]
U = σx1 ⊗ σ
x
2 ⊗ . . .⊗ σ
x
N , U
† = U−1 . (8)
From the LME we have
d
dt
[
U−1ρU
]
= iU−1ρHU − iU−1HρU + U−1LU
+iU−1ρUU−1HU − iU−1HUU−1ρU + U−1LU .
But, U−1HU = H (for B = 0), and U−1L(f)U = L(−f).
That is, if ρ is a solution of the LME, then U−1ρU is
a solution of the LME with −f , which means, it is a
solution of the system with inverted baths. Recalling
the uniqueness of the stationary solution of these LME
[8, 17, 18], we can say that if ρ is the steady solution
of the LME, then U−1ρU is the steady solution of the
LME with −f , i.e., a solution of the system with inverted
baths.
In relation to the effect of U on the currents, we have
U−1FXXZj U = F
XXZ
j , (9)
see Eqs.(7). Consequently,
〈FXXZj 〉 ≡ tr(ρF
XXZ
j ) = tr(ρU
−1FXXZj U)
= tr(U−1ρUFXXZj ) = tr(ρ(−f)F
XXZ
j ) .
Precisely, 〈FXXZj 〉 = 〈F
XXZ
j 〉ib, where ib means the sys-
tem with inverted baths. In other words, 〈FXXZj (f)〉 =
〈FXXZj (−f)〉, i.e., 〈F
XXZ
j 〉 is an even function of f .
The implications of such property are evident. First,
for the case of a homogeneous chain, it proves the van-
ishing of 〈FXXZj 〉, as described in Ref.[8], there with the
use of the left-right reflexion operation. To show the van-
ishing here, note that in the homogeneous chain, there
is nothing which may indicate the direction for the en-
ergy flow - it must be given by the baths. And so, if we
invert the baths, the direction of the energy flow must
invert. As it does not happen due to the property above,
we must conclude that 〈FXXZj 〉 vanishes in the homoge-
neous system. And, for the case of a graded chain (note
that, in such case, the reflexion operation does not work
anymore), in any situation which allows an energy cur-
rent, its direction is determined by some structure in the
chain, not by the baths. It means that we have a one-
way street for the energy flow, say, a “complete, integral
rectification”.
4And, for the magnetization current Jj ,
U−1JjU = −Jj , (10)
see Eq.(7). Then,
〈Jj〉 ≡ tr(ρJj) = −tr(ρU
−1JjU)
= −tr(U−1ρUJj) = −tr(ρ(−f)Jj) .
In short, 〈Jj(f)〉 = −〈Jj(−f)〉, namely, 〈Jj〉 is an odd
function of f . It means that the direction of the magne-
tization flow is given by the baths: if we invert the baths,
the direction of the flow is inverted. Note also that rec-
tification is absent: the magnitude of the spin current is
preserved.
The extension of our findings for the system in the
presence of a homogeneous magnetic field B is immedi-
ate. Indeed, a homogeneous B does not affect expecta-
tion values of spin-conserving operators (more comments
and details in Ref.[16] and references there in), and so,
both 〈FXXZj 〉 and 〈Jj〉 do not change. Now, the total
energy current is given by, see Eqs.(7),
〈Fj〉 = 〈F
XXZ
j 〉+B〈Jj〉 , (11)
namely, it is a sum of an even function of f with an-
other odd function of f . Consequently, unless vanishing,
〈F (f)〉 6= 〈F (−f)〉, that is, the occurrence of energy rec-
tification is transparent. Note also that the presence of a
large magnetic field B decreases the rectification power.
It is important to report that, in a recent work [19],
considering the investigation of energy transport in the
open quantum XXZ chain, we perform analytical com-
putations for the energy and spin currents by finding the
stationary density matrix of the associated LME. Precise
algebraic formulas are obtained for a minimal chain with
3 sites (the restriction to small systems was due to techni-
cal difficulties), and numerical computations extend some
results to systems up to 8 sites. An exact and huge ex-
pression for 〈F 〉 is derived in Ref.[19] for the minimal
chain. For clearness, we write below the dominant terms
in a expansion in powers of f , the driving strength, and
of δ, the asymmetry parameter, defined ahead. For the
Hamiltonian (3) of the graded chain with 3 sites, we take
αi,i+1 = α
′
i,i+1 = 1, ∆1,2 = ∆−δ, ∆2,3 = ∆+δ, Bi = B;
and so, we have
〈F 〉 = Bf
(
912
969 + 48∆2
)
+f2δ
(
32(20224∆4 + 64256∆2 − 1083)
(51 + 16∆2)(323 + 16∆2)2
)
.
The formula above for the energy current, in the minimal
chain, shows that it is nonzero, for f 6= 0, even if B =
0. Moreover, again for B = 0, the energy current does
not change as we invert the baths. These results follow
also in the exact formula (beyond O(f2)). Our analysis,
carried out in the present work by means of a completely
different approach, shows that the energy rectification
and the one-way street for energy current as B = 0 are
not only an accident in a very small chain, but they are
features of these graded XXZ systems and many other
spin models with the same symmetries.
Another relevant version of the XXZ model is given
by the chain coupled to boundary baths which tend to
polarize the spins at the ends along different directions
[17]. Now, beginning with B = 0, we analyze the version
in which the dissipators in the LME are given by
LL(ρ) = −
1
2
2∑
m=1
{
ρ,W †mWm
}
+
2∑
m=1
WmρW
†
m ,
LR(ρ) = −
1
2
2∑
m=1
{
ρ, V †mVm
}
+
2∑
m=1
VmρV
†
m , (12)
with
W1 =
√
1− k
2
(σz1 + iσ
x
1 ) ,W2 =
√
1 + k
2
(σz1 − iσ
x
1 ) ,
V1 =
√
1 + k′
2
(σyN + iσ
z
N ) , V2 =
√
1− k′
2
(σyN − iσ
z
N ) ,
where we will take −1 ≤ k ≤ 1, and, in our case, k′ = −k.
To carry out the analysis, we define the operator σr,
where
σr ≡
(
0 1
i 0
)
⇒ (σr)
†
= (σr)
−1
=
(
0 −i
1 0
)
.
[Of course, in order to obtain a suitable transformation
σr, we have performed a detailed algebraic study involv-
ing the effects of generic transformations on the terms of
the LME.]
It follows that
σrσx (σr)
†
= σy , σrσy (σr)
†
= σx , σrσz (σr)
†
= −σz .
Discarding the indices 1 and N in σx, σy , σz written in
W1,W2, V1 and V2, we have
σrW1(σ
r)† = iV1 , σ
rW2(σ
r)† = −iV2 ,
σrV1(σ
r)† = −iW1 , σ
rV2(σ
r)† = iW2 , etc.
Thus, for the analysis of (a)symmetries in the LME,
we define
U † = σr1 ⊗ σ
r
2 ⊗ . . .⊗ σ
r
N . (13)
And we have that, if ρ is a solution of the LME, then
U †ρU is a solution of the LME, but with inverted baths.
Turning to the currents, we have
U †FXXZj U = F
XXZ
j , U
†JjU = −Jj .
And so, it follows an analysis similar to the previous one,
presented for the case of target spins at the edges of the
chain: 〈FXXZj 〉 = 〈F
XXZ
j 〉ib, 〈Jj〉 = −〈Jj〉ib, etc. Conse-
quently, we find similar phenomena: one-way street and
rectification.
5To conclude, we make some remarks.
In Ref.[8], the authors analyze homogeneous XXZ
driven spin chains by considering symmetries of the LME.
They show that different pumping applied at the edges,
irrespective of the system size or the regime of transport,
can switch on and off the spin and/or energy currents in
the stationary state. In the present work, motivated by
the investigation of the energy rectification phenomenon
(evidently, in asymmetric models), we also study the be-
havior of the LME under suitable transformations. We
show that, again, irrespective of the system size or the
regime of transport, in inhomogeneous, asymmetric spin
chains we can find energy rectification or the emergence
of an one-way street for the energy current, even in a
chain with no energy current in the homogeneous case.
Some interesting recent results concerning the rectifi-
cation of the spin current by direct computation in the
steady state are presented in Ref.[20]. There, the au-
thors consider XXZ chains with target σz polarization
at the edges, and in the presence of an inhomogeneous
external magnetic field. Another interesting and recent
result concerning transport in spin chains is presented
in Ref.[21], where the authors find diffusive and subdif-
fusive high temperature spin transport in a disordered
Heisenberg chain in the ergodic regime.
A further comment on the interest of asymmetric mod-
els is pertinent. For instance, graded materials, i.e., sys-
tems whose structure or composition changes gradually
in space, are not only an academic issue. They are abun-
dant in nature, can be experimentally manipulated, and
have attracted attention in different areas, with works de-
voted to the investigation of their mechanical, electrical,
optical, and heat conduction properties [22].
Finally, we stress that the present results indicate
graded spin chains as quantum materials suitable for the
building of rectifiers and other devices devoted to the ma-
nipulation of the energy current. We believe that they
will motivate more research on this topic.
Acknowledgments: This work was partially sup-
ported by CNPq (Brazil).
[1] N. Li, J. Ren, L. Wang, G. Zhang, P. Ha¨nggi, and B. Li,
Rev. Mod. Phys. 84, 1045 (2012).
[2] S. Chen, E. Pereira, and G. Casati, Europhys. Lett. 111,
30004 (2015); E. Pereira and R. R. A´vila, Phys. Rev. E
88, 032139 (2013).
[3] C. W. Chang, D. Okawa, A. Majumdar, and A. Zettl,
Science 314, 1121 (2006); A. Ramiere, S. Volz, and J.
Amrit, Nature Materials 15, 512 (2016).
[4] S. Trotzky et al., Science 319, 295 (2008); J. T. Barreiro
et al., Nature (London) 470, 486 (2011).
[5] F. Barra, Sci. Rep. 5, 14873 (2015).
[6] T. Prosen, Phys. Rev. Lett. 106, 217206 (2011); M.
Znidaric, Phys. Rev. Lett. 106, 220601 (2011); D.
Karevski et al., Phys. Rev. Lett. 110, 047201 (2013).
[7] S. Diehl et al., Nature Phys. 4, 878 (2008).
[8] V. Popkov and R. Livi, New J. Phys. 15, 023030 (2013).
[9] A. Dhar, Adv. Phys. 57, 457 (2008); S. Lepri, R. Livi,
and A. Politi, Phys. Rep. 377, 1 (2003).
[10] M. Terraneo, M. Peyrard, and G. Casati, Phys. Rev. Lett.
88, 094302 (2002); B. Li, L. Wang, and G. Casati, Phys.
Rev. Lett. 93, 184301 (2004); B. Hu, L. Yang, and Y.
Zhang, Phys. Rev. Lett. 97, 124302 (2006).
[11] E. Pereira, Phys. Rev. E 82, 040101(R) (2010).
[12] For a graded chain in the regime of normal transport, it is
shown that the existence of a local thermal conductivity
dependent on temperature and other local parameters en-
genders sufficient conditions to guarantee the occurrence
of thermal rectification [13].
[13] E. Pereira, Phys. Rev. E 83, 031106 (2011); J. Wang,
E. Pereira, and G. Casati, Phys. Rev. E 86, 010101 (R)
(2012); R. R. A´vila, and E. Pereira, J. Phys. A: Math.
Theor. 46, 055002 (2013).
[14] E. Pereira, H. C. F. Lemos, and R. R. Avila, Phys. Rev.
E 84, 061135 (2011).
[15] H. P. Breuer and F. Petruccione, The theory of open
quantum systems (Oxford United Press, Oxford, 2002).
[16] J. J. Mendoza-Arenas, S. Al-Assam, S. R. Clark, and D.
Jaksch, J. Stat. Mech., P07007 (2013).
[17] V. Popkov, J. Stat. Mech., P12015 (2012).
[18] D. Evans, Commun. Math. Phys. 54, 293 (1977); T.
Prosen, Physica Scripta 86, 058511 (2012).
[19] L. Schuab, E. Pereira, and G. T. Landi, Phys. Rev. E 94,
042122 (2016).
[20] Z. Lenarcic and T. Prosen, Phys. Rev. E 91, 030103 (R)
(2015); G. T. Landi, E. Novais, M. J. de Oliveira, and D.
Karevski, Phys. Rev. E 90, 042142 (2014).
[21] M. Znidaric, A. Scardicchio, and V. K. Varma, Phys.
Rev. Lett. 117, 040601 (2016).
[22] J. P. Huang and K. W. Yu, Phys. Rep. 431, 87 (2006).
